Abstract. In this Letter we construct Abelian extensions of the group of diffecomorphisms of a torus. We consider the Jacobian map, which is a crossed homomorphism from the group of diffeomorphisms into a toroidal gauge group. A pull-back under this map of an invariant central 2-cocycle on a gauge group turns out to be an Abelian cocycle on the group of diffeomorphisms. In the case of a circle we get an interpretation of the Virasoro-Bott cocycle as a pull-back of the Heisenberg cocycle. We also give an Abelian generalization of the Virasoro-Bott cocycle to the case of a manifold with a volume form.
Introduction
The Lie group that corresponds to the Virasoro Lie algebra is the central extension of the group of diffeomorphisms of a circle with the Virasoro-Bott cocycle (2.1). It is well-known that the Virasoro cocycle on the Lie algebra of vector fields on a circle does not admit a generalization as a central 2-cocycle to the case of higher-dimensional manifolds. Nonetheless, there exist Abelian extensions of the Lie algebra of vector fields on a torus that generalize the Virasoro Lie algebra. These Abelian extensions play an important role in the representation theory of toroidal Lie algebras [1, 2, 5, 11] .
The goal of this Letter is to construct Abelian extensions for the group of diffeomorphisms of a torus.
We approach this problem by linking the Abelian cocycle on the group of diffeomorphisms of a torus with the central cocycles on the toroidal gauge groups. The central extensions of the toroidal gauge groups were studied in [14] (see also [6, 17] ).
The connection between the group of diffeomorphisms of a torus and toroidal gauge groups is given by the Jacobian map. Let us briefly outline this correspondence. The differential of a diffeomorphism of a torus is a mapping of the tangent bundle into itself. However, using the fact that torus has a trivial tangent bundle, Letters in Mathematical Physics 64: 155-169, 2003. we can globally identify all tangent spaces with R N . After this identificaiton, the differential of a diffeomorphism of a torus becomes a mapping of a torus into GL N (R). In the standard coordinates, this mapping is given by the Jacobian matrix.
In this way we obtain the Jacobian map from the group of diffeomorphisms of a torus into a toroidal gauge group:
In all constructions of this Letter the torus may be replaced with an arbitrary manifold with a trivial tangent bundle. The Jacobian mapping is not a group homomorphism, but what is called a crossed homomorphism (see definition in Section 3). In case N ¼ 1, we get a crossed homomorphism from the group of diffeomorphisms of a circle into abelian loop group MapðS 1 ; R Ã Þ. A central extension of this loop group is an infinite-dimensional Heisenberg group. We point out that the Virasoro-Bott cocycle may be interpreted as a pull-back of the Heisenberg cocycle under the Jacobian map (Theorem 2.1). This observation motivates our constructions of 2-cocycles on the group of diffeomorphisms in higher dimensions.
We construct the cocycles using a pull-back procedure which we describe in a rather general set-up. We show (Corollary 3.2) that under a crossed homomorphism of two groups j : D ! M, a pull-back of a D invariant central 2-cocycle on M is an abelian 2-cocycle on D.
We apply this technique to construct an Abelian extension of the group of diffeomorphisms of a manifold with a volume form (Theorem 4.2), generalizing the Virasoro-Bott group, for which the manifold is the circle. This extension (as well as the Virasoro-Bott extension) trivializes on the subgroup of volume preserving diffeomorphisms.
We also construct another extension of the group of diffeomorphisms of a torus (Theorem 4.1) that remains nontrivial when restricted to the subgroup of volume preserving diffeomorphisms.
We would like to mention here that Ovsienko and Roger described Abelian extensions of the group of diffeomorphisms of a circle with the modules of tensor densities [16] .
The structure of the Letter is the following. In Section 1 we present a geometric approach to the Abelian extensions of the Lie algebra of vector fields on a torus and introduce the Jacobian map from the group of diffeomorphisms of a torus into a toroidal gauge group. In Section 2 we give two constructions of the infinitedimensional Heisenberg group and exhibit the link between the VirasoroBott cocycle and the Heisenberg cocycle. In Section 3 we discuss equivariant cohomology of groups and describe the general construction of a pull-back of a cocycle under a crossed homomorphism. Finally in Section 4 we use the technique developed in Section 3 to get several Abelian extensions of the group of diffeomorphisms.
